A multivariate measure of local dependence written in terms of copulas is proposed, which if integrated, coincides with a population version of a multivariate global measure of Spearman's rho. We propose nonparametric estimators of this measure for independent sample data and also for time series data. Some properties of the estimators are derived. Simulations with different copulas and sample sizes were performed to assess the theoretical findings. Empirical applications are given for selected economic indexes of 166 countries and for the returns of the DAX, CAC40 and FTSE indexes.
Introduction
Global measures of association between two or more random variables are those that result in a single numeric value. On the other hand, measures of local dependence between d random variables (with d ≥ 2) are those calculated on points of a d-dimensional grid of variables's support, thus resulting in a d-dimensional surface of dependence. In both cases, if the random variables are continuous then some of such measures can be written in terms of copulas, which are well known measures of dependence. It should be noted that the development of the theory of copulas was intensified by the 1990s, and copulas provide a means for the analysis of real problems in finance, economics, risk analysis, pattern recongnition, brain signals and many others areas.
Some familiar measures of global association between two random variables are the linear correlation of Pearson, Spearman's rho, Kendall's tau, Gini's coefficient and the Blomqvist's beta (or medial correlation coefficient), where the last four are also called measures of concordance, which is a form of dependence. For more than two random variables, we can find the extensions of the global measures of concordance of Spearman's rho in Ruymgaart and van Zuijlen (1976) , Wolff (1980) , Joe (1997) , Nelsen (1996 Nelsen ( , 2002 , Úbeda-Flores (2005) , Taylor (2007) and Schmidt (2007a, 2007b) , of Kendall's tau and Gini's coefficient in Nelsen (2002) and Taylor (2007) , and of Blomqvist's beta in Nelsen (2002) , Úbeda-Flores (2005) and Taylor (2007) . Furthermore, some measures of multivariate dependence are studied by Joe (1989) , Dhaene, Linders, Schoutens, and Vyncke (2013) and Tasena and Dhompongsa (2013) , for example.
Considering measures of local dependence for two random variables we mention copulas and density of copulas (Nelsen, 2006; Joe, 1990) , the function of Sibuya (1960) , the correlation curve of Bjerve and Doksum (1993) and the measure of Bairamov, Kotz, and Kozubowski (2003) , besides the measure J (Sricharan, Hero, & Rajaratnam, 2011) and the local Gaussian correlation (Tjøstheim & Hufthammer, 2013) , among others. For more than two variables, copulas and density of copulas (Nelsen, 2006, among others) are measures of local dependence that we found in the literature.
The aim of this paper is to propose a multivariate measure of local dependence that is written in terms of copulas, and propose two simple nonparametric methods of estimation. This paper is organized as follows. In Section 2 we establish some notation and review some concepts and results of copulas. In Section 3 we propose a multivariate measure of local dependence written in terms of copulas, and discuss some of its basic properties. The inference is studied in Section 4, where empirical and smoothed nonparametric estimators are suggested for independent samples observed from a random vector. Moreover, one nonparametric smoothed estimator and its weakly convergence is established for data coming from a stationary time series process. For these two types of data (independent and indexed by time), simulations and applications were performed in Section 5 and Section 6, respectively. We finished with some conclusions and suggestions in Section 7.
Background
In this section we introduce some notation and concepts about copulas.
Let X = (X 1 , X 2 , ..., X d ), d ≥ 2, be a d-dimensional vector of real random variables. We denote by F(x) and F i (x i ), respectively, the distribution function of X and X i , i = 1, ..., d. The generalized inverse of F i is defined by F
In this section we mainly follow Nelsen (2006) . Conceptually, a copula can be described as a function which joins or "couples" a multivariate distribution function to its univariate marginal distribution functions. Copulas can be used to construct multivariate distributions or to study some scale-free measures of dependence (Fisher, 1997) .
Formally, a d-copula is a function C from I d to I = [0, 1] with the following properties: C(u) = 0 if at least one coordinate of u is 0, and C(u) = u k if all coordinates of u are equal 1 except u k ;
(ii) for every a and
That is, considering the point (
d , then the mapping from I d to I is a copula. It follows that a copula C is a distribution function on I d with uniformly distributed marginals on I.
The theorem of Sklar (1959) is central to the theory of copulas and their multivariate version is given bellow. 
Sklar's Theorem Let F be a joint distribution function with margins F i
That is, the univariate margins F i , i = 1, ..., d are coupled by the copula C resulting in a multivariate distribution function F, or a multivariate distribution F can be decomposed in their univariate margins F i , i = 1, ..., d, and also a dependence structure represented by the copula C.
It is observed that for
The next result gives bounds (called Fréchet-Hoeffding bounds) for any copula C:
where W = max(u 1 + u 2 + ...
Moreover, M is a copula for d ≥ 2 whereas W is a copula for d = 2 but it is not for any d ≥ 3.
Other copula commonly used is the product copula defined by
We now provide some useful properties of copulas. Let X = (X 1 , X 2 , ..., X d ) be a d-dimensional random vector of continuous values with copula C. Then:
, respectively, then the copula of (α 1 (X 1 ), (4) if C 1 and C 2 are copulas, we say that C 1 is smaller (or less concordant) than C 2 , denoted by
. This is because we want to assess whether X 1 , X 2 , ..., X d are all both "large simultaneously" and "small simultaneously". For example, W is smaller than every copula, and M is larger than every copula. This partial ordering of the set of copulas is called the concordance ordering;
(5) the d-volume between the graphs of M and Π and of W and Π are a d = .
. 
Spearman-Type Multivariate Measure of Local Dependence
From the Inequality (1) we have that
from which, we propose a local measure of dependence
for all u ∈ (0, 1) d , which can be interpreted as a type of normalized version of the difference between copula and product copula. This suggestion can be further supported considering two multivariate global measures of Spearman's rho. Firstly, Schmid and Schmidt (2007a) provide the following representation for the bivariate global measure of Spearman's rho
and also their straightforward d-variate extension
which can be considered locally if we abandon the aspect of volume in the numerator and denominator represented by the integration.
Secondly, the conditional multivariate version of Spearman's rho was studied by Schmid and Schmidt (2007b) , and it is given by
where g ≥ 0 is some measurable weighting function such that the integrals exist. In our analysis, g can be thought as having positive weight only on
, and zero weight otherwise. This concept describes a measure evaluated locally around u.
In what follows, we give some properties of the local measure δ(u) for each u ∈ (0, 1) d :
(1) δ(u) is defined for every random vector whose components are all continuous; 
, are strictly increasing functions of X 1 , X 2 , ..., X d , denoted by α(X), then δ calculated on both α(X) and X are the same;
As an example, the behavior of the multivariate measure of local dependence given by Formula (2), considering d = 3 and Gaussian copula with parameters ( 
Estimation of the Local Measure
Copulas may be estimated by nonparametric, semiparametric and parametric methods, and so the same holds for the proposed measure. As it is known, for the last two methods we firstly must choose a suitable family of copulas which may not be a simple task, while for the nonparametric methods no copulas's family must be imposed in advance. For this reason, in this section we will deal with methods that use the empirical copula or copula smoothed by kernel for data observed independently and over time.
Independent Sample Data
.., n} be a random sample of size n observed from the continuous random vector X.
Consider the following empirical estimators of the joint and marginal distributions of X 1 , ..., X d :
and
Then, the empirical copula is given by
in (u i ) are the empirical quantiles with probability levels u i , i = 1, ..., d.
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where we have excluded the extremes of the d-dimensional cube.
The asymptotic behavior of the copula process √ n(C n (u) − C(u)) was investigated by Rüchendorf (1976) , Stute (1984) , GänBler and Stute (1987) and Fermanian, Radulovic, and Wegkamp (2004) , besides Tsukahara (2005), Schmid and Schmidt (2007b) and Segers (2012) , for example.
The following theorem can be found in Schmid and Schmidt (2007b) , and it was used in the proof of Theorem 2, that brings the weak convergence of the estimator given by Formula (3).
Theorem 1 Let F be a continuous d-dimensional distribution function with copula C. Under the additional assumption that the ith partial derivatives ∂ i C(u) exist and are continuous for
where
and 
Theorem 2 Under the assumptions and notation of Theorem 1,
where G δ (u) is a centered Gaussian process given by
Proof. Under the assumptions that F is a continuous d-dimensional distribution function with copula C and such that the ith partial derivatives of ∂ i C(u) exist and are continuous for
, we can see that the first map is linear and continuous, hence Hadamard-differentiable (see the proof of Lemma 3.9.38 in van der Vaart & Wellner, 1996) , and the second map is Hadamard-differentiable on the non null points in the domain of the function (see the section 3.9.4.3 of van der Vaart & Wellner, 1996) . Then, by the functional delta-method, the process of the empirical multivariate measure of local dependence converges weakly to a centered Gaussian process G δ (u).
Another estimator, smoothed by kernel functions is given by:
where the real kernel functions k j (.), j = 1, ..., d are bounded and symmetric such that k j (u)du = 1.
Let us assume that the following regularity conditions hold, with h = h 1 = ... = h d for simplicity.
(C1) F has a bounded derivative of order q;
Theorem 3 Considering (C1) to (C7) valid and C having continuous partial derivatives, then
Proof. Considering (C1) to (C7) valid and C having continuous partial derivatives, then Theorem 10 of Fermanian et al. (2004) is valid for the d-dimensional case, that is, the smoothed copula process
By the continuous mapping theorem, we have that the smoothed process C(u 1 , ..., u d ), respectively. Then the measure given by Formula (2) and their properties are also valid here, and it will be denoted by δ 0 (u), where the index value 0 represents the contemporary aspect.
A smoothed estimator for this measure is the same of Formula (4) with (X 1i , ..., X di ), i = 1, ..., n replaced by (X 1t , ..., X dt ), t = 1, ..., T , andδ(u) byδ 0 (u).
The following regularity conditions are assumed, with h * = max(h 1 , ..., h d ) with 
., X dt ), t ∈ Z} be a strictly stationary process with continuous values. With (C1) (or (C1')) to (C4) valid
{W C (u) ≡ √ T (δ 0 − δ 0 )(u), ∀u ∈ (0, 1) d }
converges weakly to a centered Gaussian process in l
Proof. Considering (C1) (or (C1')) to (C4) valid, then Theorem 3 of Fermanian and Scaillet (2003) is valid, that is, the process
Simulations
To investigate the performance of the smoothed estimator (Formula (4)) for independent samples (denoted byδ) and time series data (denoted byδ 0 ), we conduct simulations for the trivariate case on some grid points with equal components given by 0.01, 0.05, 0.25, 0.50, 0.75, 0.95 and 0.99, using 1,000 replications of samples with sizes 250, 500 and 1,000, trivariate multiplicative kernel k(x 1 , x 2 , x 3 ) = k 1 (x 1 )k 1 (x 2 )k 1 (x 3 ), Gaussian kernel, and bandwidths of Azzalini (1981) given by 0.5σn −1/3 . The parameter σ was estimated by the sample standard deviation. The R package version 3.0.1 was used.
Independent Sample Data
We considered 1,000 replications of independent samples with different sizes for the following trivariate copulas: Gaussian, with null correlations between their components and also with correlations equal to (0.723, 0.702, 0.704); Student's t, with correlations (0.8, 0.5, 0.8) and 8 degrees of freedom; and Gumbel, with parameter 2.
The simulation results ofδ for the Gaussian copula with null correlations, show biases and mean squared errors generally lower than 0.001. For the Gaussian copula with nonzero correlations, Table 1 presents on each considered grid point, the theoretical and estimated values of the local measure, and the biases and mean squared errors. We notice that the values of these statistics are usually small, except at the end points of the grid and they decrease with the increase of sample size (usual behavior for all studied copulas). Table 2 presents the simulation results for the t copula, where the biases and the mean squared errors are sligthly greater when compared with the previous simulations. For the Gumbel copula (larger dependence on the upper right side of the support), analyzing the results of Table 3 , we see that the biases and the mean squared errors are more pronounced mainly on the grid point 0.99.
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International Journal of Statistics and Probability Vol. 3, No. 2; 2014 Table 3 . Biases and mean square errors ofδ for the Gumbel copula with parameter 2, calculated from 1,000 independent samples with sizes 250, 500 and 1,000 The behavior of the estimator's distributions on the three central grid points for the above simulations with sample size 1,000 is shown in Figure 2 through normal quantile plots (where the axis's labels tq and sq means theoretical quantiles and sample quantiles) and in Figure 3 through histograms. We conclude that the limiting Gaussian approximation of the estimator looks acceptable for these chosen points. (u, u, u) for u = 0.25, u = 0.50 and u = 0.75 considering simulations with 1,000 samples observed from a Gaussian copula with null correlations, Gaussian copula with correlations equal to (0.723, 0.702, 0.704), t copula with correlations (0.8, 0.5, 0.8) and 8 degrees of freedom, and finally the Gumbel copula with parameter 2
Time Series Data
Firstly, we consider the trivariate stationary VAR(1) process represented by
where copula with null correlations of the previous subsection, that is, the biases and mean squared errors are very small (generally less than 0.001).
Secondly, we study a trivariate stationary VAR (1) . In this case, the biases and mean squared errors are generally lower than that of the Gaussian copula with nonzero correlations studied in the previous subsection. See Table 4 . Table 4 . Biases and mean square errors ofδ 0 calculated from 1,000 time series data with sizes 250, 500 and 1,000, generated from the VAR (1) 
Applications
To analyze actual data we use 90% of the central data (to avoid bad estimations on the boundaries) and bandwidths according to Azzalini (1981) given by 1.3σn −1/3 , although the bandwidth of the previous section brings very similar results for the data considered in this section. As before, the parameter σ is estimated by the standard deviation of the samples.
Independent Sample Data
Economic indexes of the GDP (gross domestic product) annual growth rate, the interest rate, and the inflation rate of 166 countries, denoted respectively by X, Y and Z, were accessed from the website www.tradingeconomics.com on April 2, 2013.
The scatter plots between the pairs (X, Y), (X, Z) and (Y, Z) are shown at the top panel of Figure 6 , where only the last one indicates positive linear relationship, with Pearson's correlation coefficient given by 0.618. To search for any type of dependence structure between these pairs of variables, we can get their bivariate empirical copula calculating the normalized ranks (ranks divided by n + 1 instead of n, to avoid estimation problems at the boundaries) of X, Y and Z, which are denoted by U 1 , U 2 and U 3 , respectively. The corresponding scatter plots can be seen at the bottom panel of Figure 6 , where the two first show some positive dependence and the latter show an important positive dependence mainly between greater values of the variables. These behaviors were confirmed by the values 0.400, 0.314 and 0.632 of their respective correlation of Spearman's rho.
The estimates ofδ are shown in Table 5 for ten grid points with equal components, and the corresponding bivariate local measure estimates on the grid points 0.05, 0.25, 0.50, 0.75 and 0.95 of the third component U3 are shown in Figure 7 , where the local dependence between U 1 (X) and U 2 (Y) goes from the upper right side to the bottom right side as U3 goes from 0.05 to 0.95. That is, when the values of inflation rate are low then the dependence between GDP annual growth rate and interest rate is greater between their higher values, and for high values of inflation rate then the dependence is greater between the higher values of GDP annual growth rate and the lower values of interest rate.
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International Journal of Statistics and Probability Vol. 3, No. 2; 2014 Figure 6. The first three plots are the scatter plots of the GDP annual growth rate (X), the interest rate (Y) and the inflation rate (Z) of 166 countries. The last three plots are scatter plots of their normalized ranks, that is, the bivariate empirical copula densities Figure 7 . Cconsidering the GDP annual growth rate (X), the interest rate (Y) and the inflation rate (Z) of 166 countries, the estimation of the trivariate Spearman-type measure of local dependenceδ (Formula (4) 
Time Series Data
The German, French and English stock indexes abbreviated as DAX, CAC40 and FTSE were observed from January 2nd, 2001 to March 27, 2013 (3,064 observations) in the website www.inventing.com/indexes (on March 28, 2013), and their log-returns (briefly returns) are represented by X t , Y t and Z t in this order.
Estimates ofδ 0 are given in Table 6 for ten central grid points with equal components, and Figure 8 shows the bivariate scatter plots of (X t , Y t ), (X t , Z t ) and (Y t , Z t ), which exhibit strong positive linear associations. The corresponding coefficients of Pearson's linear correlation are 0.891, 0.820 and 0.900 and of Spearman's rho are 0.893, 0.807 and 0.868. All of these series are stationary as indicated by the autocorrelation functions in Figure 9 . 
Conclusions
This work proposes a multivariate measure of local dependence, called Spearman-type and denoted by δ, which is derived from the inequality of Fréchet-Hoeffding bounds for copulas, which coincides with the local feature of both a version of the global multivariate measure of Spearman's rho given by Schmid and Schmidt (2007b) and a version of the conditional multivariate measure of Sperman's rho as proposed by Schmid and Schmidt (2007a) . It is written in terms of copulas and it satisfies common properties of a measure of dependence, like the upper bound of +1, the zero value if and only if their components are independent, the scale-invariance and the pointwise convergence.
We suggest an empirical estimator for independent sample data, and a smoothed estimator by kernel for both independent sample data and time series data. For these cases, the weak convergence to a Gaussian process were obtained.
To verify the behavior of the smoothed estimators, we conduct simulations with 1,000 replications and samples of sizes 250, 500 and 1,000, considering the Gaussian, t and Gumbel copulas for independent sample data and Gaussian copulas for time series data. We observe that the biases and the mean squared errors are very small (except on the analyzed grid points 0.01 and 0.99, which was expected), and their values decrease with the increasing of sample sizes. For samples of size 1,000, the distribution of the estimator is approximately normal except, sometimes, in the lower and/or upper points of the grid.
Applications of the Spearman-type multivariate measure of local dependence to actual data were made using the GDP annual growth rate, interest rate and inflation rate of countries and also using the contemporary returns of the DAX, CAC40 and FTSE from January 3nd, 2001 to March 27, 2013.
Research is needed to propose other estimators with less boundary bias, and also to study test of hypothesis and the theoretical behavior of estimators for stationary lagged time series. Moreover, the study of a multivariate local version of the global measures of Kendall's tau and Blomqvist's beta can also be interesting.
